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In this note, we discuss lower bounds for the ranks of CM types. Let (K, S) be a 
simple CM type, [K: Q] =2d and r its rank. It is known that r Q 1 +d. Lower 
bounds for r were given by K. Ribet [“Division Fields of Abelian Varieties with 
Complex Multiplication,” 2’ ser. mem., No. 2, pp. 75-94, Sot. Math. France, 19801. 
When K/Q is Galois, we obtain a lower bound for r in terms of character degrees. 
A nearly optimal lower bound for r is also given in the case where K is the pth 
cyclotomic field and 5’ is a simple CM type coming from the Fermat curve of 
degree p. I? 1989 Academic Press, Inc. 
1. DEFINITIONS 
We begin with some definitions. 
DEFINITION 1. Let K be a CM field of degree [K: Q] = 2d and let p 
denote a complex conjugation. By a CM type S of K, we mean a set of 
embeddings of $, , . . . . $d of K into C such that the set of all embeddings of 
K into C consists exactly of Su Sp. 
DEFINITION 2. Let (K, S) be a CM type, let F be a finite extension of K, 
and let S, be the pullback of S to F (i.e., the set of all embeddings q5: 
F-t C, whose restriction to K lies in S). Then we say that (F, S,) is the 
type lifted from the CM type (K, S). 
Let (K, S) be a CM type and L the normal closure of K, with Galois 
group G = Gal(L/Q)). Let H be the subgroup of G defining K and 3 be the 
pullback of S on L. By [7], (K, S) is simple if and only if H = (g E G: 
gs= s>. Let H’ = {g E G: sg = s}. Then H’ is a subgroup of G and we set 
K’= LH’ to be the fixed subfield. Let rc be the projection from G onto the 
set of cosets G/H’ and I= sP ‘. 
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DEFINITION 3. Let R’ = n(R); (K’, R’) is called the reflex of the CM 
type (4 S). 
Now let (K, S) be a simple CM type and (K’, R’) be its reflex type. 
Denote by X[K] the free L module generated by {[CT]: g an embedding 
K+ C} and similarly X[K’]. Suppose K is Galois over Q. Then K’ is a 
subfield of K. Define 
4: X[K] -+ X[K’] 
Cal H 1 Cor’lK,l. 
r’t R’ 
If K is not Galois over Q, let L be the normal closure of K. For any 
OE X[K], we lift it to an element c of Gal(L/Q) and define #([g]) as the 
restriction of C,. E R’ [i?] on K’. Then in any case, 0 is well defined and 
indeed a homomorphism from X[K] into X[K’]. 
DEFINITION 4. Let r = rank, Im 0; r is called the rank of the CA4 type 
(K S). 
Let A be an Abelian variety defined over a number field k. Suppose A is 
of CM type (K, S). By Kubota [4], if we choose r = rank(K, S); then for 
any prime I and for any integer n 3 1 
(lny + [k(A[P]): k] 4 (I”)’ 
in which the implied constants depend only on A, k, and K but not on t 
and n. Here, k(A[l”]) denotes the extension of k generated by the coor- 
dinates of the I” division points of A(Q). 
It is easy to see that the upper bound of rank(K, S) = r is 1 + d, in which 
2d= [K: Q]. If r = 1 + d, S is said to be nondegenerate. We study lower 
bounds for r. 
By Ribet [6], 
r 3 2 + log, d. 
We will give a sharper lower bound for r, and in the case where K is the 
pth cyclotomic field and S is a simple CM type coming from the Fermat 
curve of degree p, a nearly optimal lower bound for r. 
2. GENERAL LOWER BOUNDS 
Let K be a CM field and suppose it is Galois over Q, with Galois group 
G. Let p be a complex conjugation and (K, S) be a simple CM type. In the 
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case where G is Abelian, Kubota [4] has expressed the rank of (K, S) in 
terms of characters: 
rank(K, S) = 1 + # irreducible character x of G: x(p) = -1 
and 1 x(s) #O 
sss I 
In any case, the complex conjugation p lies in the center of G. Hence for 
any irreducible representation rr, n(p) is a scalar and so must be *I. Let us 
say rc is even (resp. odd) if n(p) = I (resp. - I). (I is the identity matrix.) 
We have the regular representation 
reg: Z[G] -+ End .Z[G] 
Let us set V= H[G] @ @. 
We have a decomposition V= 0, d, I’,, where rc ranges over the 
irreducible representations of G and V, is the space of TC and d, = dim V,. 
PROPOSITION 1. Let K/Q be a Galois extension, with Galois group G, and 
(K, S) be a simple CA4 type. Then 
rank W, S) 3 1+ C’ d,? 
the sum ranging over odd irreducible representations 71 with z(s) # 0. (We 
denote ~=C,.~SEZ[G]). 
Proof We have rank(K, S) = rank(reg(r)) =xX d, rank(x(T)). 
Now if rc(z) # 0 then rank X(T) > 1. Hence 
rank(K, S) > C’ d,! 
where C’ denotes the sum over all n for which n(z) # 0. 
If n is irreducible and nontrivial, then it has no nonzero fixed vector and 
so Cge G TC( g) is the zero matrix. If moreover, rc is even, then we have 
0 = c n(g) = n(z) + 7c(5p) = 274T). 
,eEG 
If 7c is the trivial representation then X(T) # 0. 
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Therefore, rank(K, S) > 1 + 1’ d,, the sum ranging over odd irreducible 
representations 7~ with rc(r) # 0. m 
The following result is due to Murty [S], giving another lower bound 
for the rank in terms of the prime divisors of [K: Q]. 
PROPOSITION 2. Let K/Q be a Galois extension, with G = Gal(K/Q), and 
(K, S) be a simple CM type. Then 
rank( K, S) 3 max (p- l12a 
P 
, p oddprime andp’il [K: Q-J/2} 
ProoJ: Consider 
I$: X[K] + X[K’] 
Cal - C CdKsl. 
P.‘ER’ 
Let Y = Im 4; then 
t:G+GL(Y) 
given by z(g) .dCol= 4Cw1 
is an injective group homomorphism (can be checked directly). Since Y is a 
free Z module, Yz Z’, in which r = rank Im 4, thus GL( Y) E GL(Z’) z 
GL(O 
If q is a sufficiently large prime, then r induces an embedding T”: 
In particular, let d= [K: Q]/2; then 
dj IGL,(h/qZ)j = qr’rp”‘2 (qr-l)(q’P’-l)...(q-l). (*) 
Now let p’ 1) d, p odd prime, and q be a primitive root mod pa. From (*) 
a<ord,(IGL,(Z/qZ)))= i ord,(q’- 1). 
i=l 
By our choice of q, 
ord,( qi - 1) = 
0 if (p- l)ji 
j+l if i=&p/(p-l),(i,,p)=l. 
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Letting o = Lr/(p - 1) _I, we have 
OL d c ord,(q-“P - ’ ’ - 1) 
;= 1 
PO Pr c-6- 
p- 1 (p- l)Z’ 
Therefore r > (p - 1 )‘cc/p for all odd prime p such that p” 11 d. 1 
Remark. In comparison with the lower bound given by Ribet [6], 
r>2+log,d, d= &K: CD], (**I 
Proposition 2 is usually sharper. 
Let d= ~7’ . ..p2.p,areprimesandp,<p,< . ..<p..Ifp,>logdthen 
we see that the lower bound for r given by Proposition 2 is essentially 
larger than the one given by Ribet [6]. Indeed, Proposition 2 gives r $ p, 
where (**) gives r % log d. Moreover, it can be shown (for example) that 
#{ddx:pn~(logd)2}<x”2+” 
and so p, > (log d)* holds almost always. 1 
3. CM TYPES OF FERMAT CURVES 
The Fermat curve of degree p, p odd prime, is given by 
F(p): XP+ YP=ZP. 
By Fadeev [2], the Jacobian of F(p) can be factored as 
P-2 
JaW(p)) - n JaWi,) 
a=1 
in which F,., is the curve for which a basis of the holomorphk 1 forms is 
{W <g>:<na>ll bg<p, I<(g) + (ga><p} ((k) is the unique integer 
satisfying 0~ (k)<p and (k)=k (mod p) and w,,,=x’- iys-l dx/yP-’ 
for x = X/Z, y  = Y/Z, Z # 0). 
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Let K = Q(E,) be the field of pth roots of unity. Then G = Gal(K/Q) g 
(Z/pi?)* and we take - 1 for p. Let z be a generator of G. For a = 1,2, . . . . 
p-2,letS,={g~G:16(g)+(ug)<p}.ItiseasytocheckthatS,isa 
CM type, which is called the CM type corresponding to the factor 
curve F,,,. 
Kubota [4] has expressed the rank of a simple CM type S, in terms of 
characters: 
rank( K, S,) = 1 + # {x odd irreducible character of G: x( a + 1) # x(a) + 1). 
We shall use this to prove the following statement. 
PROPOSITION 3. Let (K, S,) be a simple CM type, 1 < a < p - 2. Then 
rank(K, S)a 1 +$d, &p-l - 
2 
Note that if ~(a+ 1)=x(a) + 1 then x(a)=exp(27@) and ~(a+ 1) = 
exp(2ni/6) or x(a) = exp( - 2ni/3) and ~(a + 1) = exp( - 2ni/6). We need 
some lemmas. 
LEMMA 1. For l<abp-2: 
(i) S,- l--a= S,. 
(ii) S, and S,-I have the same rank. 
(iii) If 3j(p - 1) then S, is nondegenerate. 
(iv) If 3 iord a or 6 1 ord a then S, is nondegenerate. 
(v) If ord a = 3 then S, is nonsimple. 
Proof. (i) 
S p~I~a={gEG:(g)+((p-l-a)g)<p) 
=(gEG:(g)+p-((a+l)g)<p). 
For gES,, suppose (g> > ((a+ 1) g>. Then (g) > (as+ g) = 
(ug) + (g). But this leads to a contradiction since (ug) > 1. 
Therefore, for allgES,: (g)+p-((a+l)g)<p, i.e.,geS,_,-,. In 
other words S, c S, _, ~ U. Since S,, S, _, ~ a are CM types, we have 
Sa=Sp-~-o. 
(ii) follows from S,-I = US, rank(K, S) = rank(K, aS) for all LIE G. 
(iii) If 3l(p- 1) then for all a~ G, x(a) is a (p - 1)th root of unity, 
and thus different from exp( f 2ni/3 ). 
198 LIEM MA1 
(iv) If 3Jord a then 
1 = x(1) = x(aordo) # (exp( &2rci/3))Orda. 
If 6 1 ord a then for all odd characters x: 
- 1 = x( - 1) = ~(a(“‘~ U)l2) # (exp( + 2ni/3)‘“‘d”“Z = 1. 
In either case 
rank S, = 1 + # {odd irreducible character x of C} 
P+l =- 
2 . 
(v) If ord a = 3 then 1 + a + a2 = 0, hence US, = S,; i.e., S, is non- 
simple. 1 
Remark. Indeed, the converse of (v) is also true (see [3]). 
LEMMA 2. (i) Suppose 9 1 (p - 1) and G, = (b ) is the unique cyclic 
subgroup of order 9 in GZ (Z/pZ)*. If b’ and 6’ are 2 difSerent generators of 
G, then 1 + hi + bj # 0 (mod p). 
(ii) Suppose 15 / (p - 1) and G, = (c) is the unique cyclic subgroup of 
order15 in Gz((Z/~Z)*. if i=l,4,7, or 13 andj=2,8, 11, or 14 then 
1 +c’+c’#O (modp). 
Proof: Case by case and is omitted. 1 
Proof of Proposition 3. By Lemma l(iv), 
6 ] (p - 1). Now we must determine all 
x(a + 1) =x(a) + 1. If 
p-l~2~.3’.m 
a = T2”. 3”. m’ 
we need only consider the case 
odd characters x such that 
(m,6)= 1 
(m’, 6) = 1 
then ord a = P-l 
gcd(p- 1, 2k’.3”.m’)’ 
If t’ > t then S, is nondegenerate by Lemma l(iv). Suppose t’ < t. If 
k’ < k then 6 1 ord a and by Lemma 1 (iv) S, is nondegenerate. Therefore, 
without loss of generality, we may assume that a = ?““3”‘m’ in which k’ > k, 
t’ < t. Recall that for our character x, x(a) = exp( f 2xi/3), x( - 1) = - 1. 
A character x: (H/pZ)* --t @* is determined completely by its value on 
the generator z E (Z/pZ)*. Also if x(P), x(P). . ~(r”‘) are known, then 
X(7 @(~I* . ..*%I) is also k nown and the number of such x with the assigned 
values is gcd(a,, . . . . a,). 
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Case 1. x(u)=exp(2zi/3). In this case, we have 
# odd irreducible character x: ~(a + 1) = x(u) + 1, x(u) = exp 
Since (m, 6) = (m’, 6) = 1 then n must be an odd integer. If n = 1 then 
t’ = t - 1 and m’ = m, but then ord a = 3, a contradiction to the simplicity 
of S,, by Lemma l(v). Therefore n >/ 3 and n is odd. 
Since Sn=Sp-,I--a, we can apply the same argument for p - 1 -a 
instead of a: 
# x odd: ~(a + 1) = x(u) + 1, x(u) = exp 
< # ~:~(-l)=~(r’~-l)‘~)= -l,x(p-1 -u)=exp F 
i ( )i 
1 =--- 
2.3.~~’ (P-1) 
in which n’ is an odd integer 23. 
Then 
d min 
( &P-l),&P-11). 
If n = 3 and n’ = 3, then we can let 
u=T2’.3’-2.m., for some 1 <i ~8, (i, 3)= 1 
p- 1 -u=t2k.3’-2-m-i for some 1 Gi’d8, (i’, 3)= 1. 
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By Lemma 2(i), this happens iff p - 1 -a E a, i.e., a + 1 E ---a. But then 
~(0 + 1) = x(-a) = -x(a), hence x(a) = - 4, a contradiction. 
If n = 3 and n’ = 5, then let 
p-l~2~.3’.5“.m 
u=T2k.3’-2.5U.m.I for some 1~1~8, (I, 3)= 1 
p- 1 -aaT2k 3’-‘.5u-‘.m./’ for some 1 6 I’< 14, (f’, 15) = 1. 
Then 
= # x:x(zc~-1)/2)= -l,X(a)=exp F ,X(a+l)=exP(%)} 
i ( I 
= # x: x(zw’)/2 
i 
)= -l,X(a)=exp 7 ,X(p-l-a)=exp -7 
( 1 ( )i 
2k.3’-2.5U.m.l, 2k.3’-‘.5U-‘.m.l’ 
> 
P-l 2, 
-, 2k.3’-‘.5up’.m.l’ 
= gcd &(P-I)&P-1)) 
=A (P-1). 
If n = 5 and n’ = 3, we have the same result for # {x odd, ~(a + 1) = 
x(u) + 1, X(U) = exp(2zi/3)}. 
If n = 5 and n’ = 5, we can let 
p-l~2~.3’.5~.m 
u=,2k.3~-L5U-Lm., for some 1 <j< 14, (j, 15)= 1 
p- 1 _u=,2k.3’-‘.5U~‘.m.~’ for some 1 <j’G 14, (j’, IS)= 1; 
then I+u=t 2~-1.3’-1.5u-L., (*f+,s) 
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Since x is odd and x(a) = exp(2ni/3), ~(a + 1) = exp(2ni/6) 
X(T 
2k-l.p1.5”-l.m 
) = x(a)” . x( - 1)“’ (***) 
for some q, q’ E Z. Since k’ 2 k, t’ < t then q $0 (mod 3) and q’ $0 (mod 2). 
Then the LHS of (***) =exp( +2ni/6) and exactly one of these possibilities 
occurs. 
If the LHS of (***) =exp(27ci/6) then j= 1,4,7, 13 and 2,j’+ 15 E 
1,7, 13, 19,25 (mod 30). Hence 
j’=8, 11, 14, 2, 5 (mod 15), j’ $5 (mod 15). 
(Note that we can exclude 2j’+ 15 = 25 (mod 30) since (j’, 15) = 1.) 
But this contradicts Lemma 2(ii). 
If the LHS of (***) =exp( -2ni/6) then by the similar argument, we 
have a contradiction to Lemma 2(ii). 
If n>7 then 
x odd, ~(a+ 1)=x(a)+ 1, X(a)=exp < & (P-1). 
Case 2. x(u) = exp( - 2ni/3). Similarly, we have 
x odd, ~(a + 1) =x(u) + 1, x(u) = exp 
Therefore 
Remark. A computer program was run for all primes ~2000. The 
smallest value of (r - 1)/d occurs when p = 271 and a = 32, 114, 126, 144, 
156, and 238. 
For example if a = 32 
ranks =126=1+zd cl 27 . 
Note that in this case T = 6, a = 32 = Tag', a + 1 = tg5, (p - 1)/(2. ord a) 
= 5, and 
{Xodd:X(a+l)=X(a)+l}= ~odd:~(r’)=exp . 
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